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Finite Deflection Discrete Element Analysis of Sandwich Plates
and Cylindrical Shells with Laminated Faces

L. A. SCHMIT JR.* AND G. R. MONFORTONf
Case Western Reserve University, Cleveland, Ohio

A discrete element analysis capability for predicting the geometrically nonlinear behavior
of sandwich plate and cylindrical shell structures with unbalanced laminated faces is re-
ported. The geometric admissibility conditions of the principle of minimum total potential
energy are conveniently satisfied by employing bicubic Hermite interpolation polynomials to
approximate the displacement behavior. Specialization for the finite deflection analysis of
thin anisotropic and transversely heterogeneous plate and cylindrical shell systems is achieved
by simply considering one face of the sandwich. Numerical solutions are obtained by direct
minimization of the total potential energy using a scaled conjugate gradient algorithm.
Several problems are solved which illustrate the potential of the method for predicting the
finite deflection and elastic postbuckling behavior of sandwich and thin laminated structures.

Introduction

AN increasing number of structural designs, especially in
-£j^- the aerospace industry, are utilizing laminated and
sandwich-type construction in the fabrication of major struc-
tural components. Also, composite materials have been de-
veloped and design methods and concepts are evolving in order
to make efficient use of these new materials. The inherent
low-stiffness characteristics of glass-reinforced plastics, for ex-
ample, often limits their effective use to sandwich construc-
tion. However, the field of filamentary composites is de-
veloping from one dealing primarily with glass-reinforced plas-
tics to a much broader class including boron, graphite, and
metal fibers. The substantial interest in these new high-
strength and low-density materials in both solid laminate and
sandwich construction is evidence of the continual quest for
strong lightweight structures.

Unbalanced laminated construction (i.e., a section where
the lamina are placed unsymmetrically, elastically, and/or
geometrically about the middle surface) is characterized by
coupling between extensional and flexural action. This type
of behavior warrants a greater emphasis on anisotropic and
transversely heterogeneous (i.e., nonhomogeneous through
the thickness) shell analyses. Furthermore, the desire for
minimum weight optimum structural designs has resulted in
the development and application of structural synthesis tech-
niques for the design of load carrying systems. Naturally,
the use of these new design optimization methods tends to
undercut the validity of employing analysis methods which
are based on the usual linearizing assumptions of structural
analysis. In order to balance the analysis and design meth-
ods, it becomes more realistic to base the equilibrium equa-
tions on the deformed geometry, to employ more exact
deformation-displacement relations, and to consider the non-
linear behavior of the material.
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For lightweight structures, such as the sandwich and thin
laminated shell structures often encountered in aerospace de-
sign practice, situations involving geometric nonlinearities
(including general instability) but restricted to linear elastic
anisotropic material behavior constitute an interesting and
significant class of analysis problems. This is especially true
in the case of sandwich systems where the range of deflections
for which small deflection theory is valid decreases as the
shear stiffness of the core is made small compared to that of
the faces.1

It has been found that geometric nonlinearities can be con-
veniently dealt with using a discrete element method based
on the principle of minimum total potential energy. The de-
velopment presented herein follows the approach of Refs. 2-4
which begins with the selection of nonlinear strain-displace-
ment equations. This is followed by the adoption of a strain
energy density potential function consistent with the linear
stress-strain law to be represented. The potential energy for
the discrete element is then obtained by integrating the strain
energy density over the element volume and adding the poten-
tial of the external loads applied to the element. The selec-
tion of the assumed displacement patterns for the element is a
crucial step and consideration must be given to the geometric
admissibility requirements, completeness, and rigid body dis-
placement states.4 Substitution of the assumed displacement
functions into the potential energy expression for the element
leads to the discretized form of the element potential energy.

This paper reports on a finite deflection discrete element
analysis capability for sandwich plates and cylindrical shells
with unbalanced laminated faces. A segment of a sandwich
cylindrical shell is shown in Fig. 1. The radius of the middle
surface of the core is denoted by Rc and its thickness is tc.
Arbitrary reference surfaces in the skins are located at dis-
tances df from the interfaces between the core and skins (/ =
1, 2 where the subscript 1 refers to the lower or inner face and
the subscript 2 refers to the upper or outer face). The radii
of the skin reference surfaces are denoted Rf and the face
thicknesses are t f . The coordinate system and displacement
components are also shown in Fig. 1.

The faces of the sandwich system are considered to behave
as thin shells and may be composed of an arbitrary number of
bonded layers, each of which may have different thickness,
linear elastic anisotropic material properties, and orientation
of elastic axes. The orthotropic core is considered to be rela-
tively thick and typical of that used in honeycomb sandwich
construction. It is assumed that the transverse deflection is
finite and uniform through the thickness of the sandwich
system. It is also assumed that the rotations of the deformed
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structure relative to the undeformed position are small and
that bond failure at the interfaces between the core and skins
does not occur. Under these conditions the strain energy of
the sandwich system is a collection of the following: 1)
quadratic strain energy terms in the displacement variables
due to membrane action of the faces in their reference planes;
2) quadratic, cubic, and quartic strain energy contributions,
due to bending in the faces; 3) quadratic and cubic strain
energy terms due to coupling between membrane and bending
action in the faces; and 4) quadratic strain energy terms due
to transverse shearing in the core. The strain energies due
to transverse shearing of the faces and due to face-parallel
deformations in the core are considered negligible.

Formulation

Based on the usual thin shell theory assumptions (including
the Kirchhoff-Love conditions), the nonlinear strain-dis-
placement relations for the unbalanced laminated faces of a
sandwich cylinder can be represented by

ZfKfy

ZfKfx (1)

where z/ is measured from the reference surface and the refer-
ence surface strains are defined by

e°fx ^ ufx + iw/*2, e°/y = v f v + (l/Rf)wf +

J ° f x y = Vfx + Ufy + WfxWfy

The curvature expressions are defined by

KfX = ——WfXX, Kfy = —— Wfyy + (l/Rf)Vfy

Kfxy = — 2[wfxv - (l/Rf)vfx]

In the preceding expressions the notation

(2)

(3)

% w/ <>uf„„ = __„,,, = _ = _-_ etc. ( /= 1,2)

has been adopted for convenience. The corresponding non-
linear strain-displacement equations for the faces of sandwich
plates are obtained directly from Eq. (1) by setting yf = y
and l/Rf = 0.

The force-deformation equations for the faces can be ex-
pressed as5

Nfx
Nfy

Nfxy = Nfy
Mfx
Mfy

Mfty = M f y X

(Symmetric)

ofy

Kfx

K f x y

(4)

where NfX, N f y , N f x y = Nfyx are the force resultants, M f x ,
Mfy, M/xy = MfyX are the moment resultants and the A / i j ,
Bfij, Dfij (f = 1,2; i, j = 1, 2, 6) represent the membrane,
coupling, and bending stiffnesses of the faces. Note that non-
zero values of the coupling stiffnesses B f i j are characteristic
of unbalanced laminated construction and indicate that
coupling between membrane and bending action exists even
for the small deflection theory of such flat plates; the Bfij
are zero when the lamina are placed symmetrically about the
middle surface and when the reference surface coincides with
the middle surface. Various methods are available for deter-
mining the Afijj Bfij, and Z)/»,-; the discussions that follow
are based on the premise that they can be obtained by the-
oretical, empirical, or experimental methods. In this way
the formulation presented herein is independent of the method
used to obtain the stiffnesses.

Fig. 1 Laminated sandwich cylindrical shell segment.

The strain energy of a face can be expressed as

Uf = [7/2 ~f- C//3 -f- [7/4 (5)

where [7/2, [7/a, and [7/4 represent the contributions to the
strain energy which appear as quadratic, cubic, and quartic
terms, respectively, in the displacement variables Uf, vf, and
Wf. For the unbalanced laminated faces under consideration
[7/2, [7/3, and [7/4 are given below:

Uf = ~ f2 Jsf
Am(ufy + vfx

vfx)ufx

2[BfnUfXWfXX + Bf^VfyWfyy + 2B m(u f y + Vfx)WfXy +

Bflz(VfyWfXX + UfxWfyy) + Bf^(Ufy + Vfx)Wfxx +

2BflQUfxWfXy + Bm(Ufy + Vfx)Wfyy + 2Bf<xVfyWfXy] +

fxy2 + 2Dfl2WfXXWfy y +

_!_ [A/a
#/ Lfl/

ZBf^WfWfyy —— 2Df12VfyWfyy + 4 f ~^ + 5/66 j V f ̂

— 4:Dfi&vfxwfxx

Xy + 2

yw/*y + 2 (2 »/*«>/y -

dSf (6)

1 C f
C7/3 = ——— I I [AfUUfXWfX* +

/ J sf \

Vfx)WfxWfy + Afl2(UfxWfy2

V f x ) W f x
2 + 2Afl&UfXWfxWfy

2AfXVfyWfXWfy] ——

xwfyy \

+ 2AfQ6(Ufy +

WfxWfyWfXX)

WfXWfyWfyy)] + ^~ [A fZZ

4:BfQQVfxWfxWfy

2Bf2&VfyWfxWfy

(7)
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zv
Fig. 2 Sandwich plate with mixed boundary conditions.

= sf

[A/66 +

(8)

In the preceding expressions, S/ is the reference surface area
of the faces. Also, the strain energy for the faces of sandwich
plates can be extracted from Eqs. (6-8) by setting y/ = y and
l/Rf = 0.

The filler which separates the faces is orthotropic, relatively
thick, and representative of honeycomb sandwich cores. It
it assumed that the core is incompressible in the transverse
direction, that the face-parallel shear and extensional stiff-
nesses are negligible, and that the face-parallel displacements
vary linearly through the thickness of the core.

The strain-displacement equations for the core of a sand-
wich cylinder can be represented by

+ <j>c, + Zc/Rc)] X

[wcy - (l/Rc)vc (9)

where zc is measured from the middle surface and <frc and \f/c
are rotations of normals to the middle surface. Again the
notation

wcx = c ^— —- etc.Re d0

has been adopted for convenience. It is assumed that bond
failure does not occur at the interfaces between the filler and
skins and that the transverse displacement is constant
through the thickness of the sandwich. Using these condi-
tions, the core shear strain-displacement equations, Eqs. (9),
can be expressed in terms of the membrane displacements of
the individual faces and the transverse displacements of the
sandwich;

jcxz = y cxz = — N —
tc

+

+ dz + tc)wx]

(10)

where

= 1 + (te/2Re), e,

(Re , tc

1 -
(11)

The corresponding strain-displacement equations for the core
of a sandwich plate are obtained by setting yc = y, Rc/Ri =
Rc/Rz = 1 and l/Ri = l/Rz = l/Rc = 0.

The force-deformation equations for the core can be ex-
pressed as

0

where QCXz and Qcyz are the transverse shear force resultants.
The £44 and #55 are the transverse shear stiffnesses of the core
and can be obtained by theoretical or experimental methods.

It is assumed that the strain energy contribution of the core
is due to transverse shear only and it can therefore be ex-
pressed as

(d, + dz + tc)wx]* dSc (13)

Ue = L IT
tc

where Sc is the middle surface area of the core.
The potential of the applied loads is restricted to the work

done by loads applied to the individual faces. The work
done by these applied loads is represented by

= I•/ Sf
+

L

Mfx

yVf + pfgWf]dSf +

NfXVvf + QfXZwf

- Jj~\ \ d y f - ̂

QfyZWf - MfyxWfx - Mfy

NfyxUf + NfyVf

y - -Jj~ \ \&X (14)

The terms pfx, p/v, p/z denote tractions applied to the refer-
ence surfaces in the x, y/_, andj: directions, respectively. The
forces (Nfx, Nfy, Qfxz, Q/y*, Nfxy, N / y x ) and moments (Mfx,
Mfy, MfXy, Mjyx) axe the - components of the applied forces
and moments acting on the edges of the faces.

The total potential energy TTP of the sandwich system is the
sum of the potential energy of the two faces and the core

= Uc (Uf - W,) (15)
/=!

Note that in the formulation presented, the potential energy
is expressed in terms of the four membrane displacements of

Fig. 3 Anisotropic sandwich elements: a) sandwich plate
element; b) sandwich cylindrical shell element.
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the faces (u\,uz,v\,vz) and the transverse displacement of the
sandwich system (w). This choice of displacement variables
admits transverse shear deformations in the core and allows
a rather wide range in the choice of boundary conditions.
For example, it is possible to impose membrane displacement
boundary conditions on one face while allowing the other face
to satisfy natural or imposed force boundary conditions (Fig.
2). Furthermore, this choice of displacement variables is
such that the finite displacement analysis of thin unbalanced
laminated plates and cylindrical shells is a special case ob-
tained by simply considering one face of the sandwich.

Discretization

The sandwich plate and cylindrical shell elements are
shown in Fig. 3. The displacement variables ui, u^ Vi, v2, and
w are represented by assumed displacement functions which
can readily satisfy the geometric admissibility conditions of the
principle of minimum total potential energy. The displace-
ment functions used herein are of the form suggested in Ref. 6
and have been successfully employed to predict the geometric
nonlinear behavior of thin isotropic plate and cylindrical shell
systems.3 The displacement patterns are formed in terms of
products of one-dimensional first-order Hermite interpolation
polynomials (bicubic) and undetermined nodal coefficients.
For example, the longitudinal displacement of a face in the
sandwich cylindrical shell element can be represented as

uf(x,yf) = E E [Ho^(x)H0^(yf)ufti +

ij (16)

where the particular values of the indices i and j refer to the
node (i,j) of the element. The #*»(1) are the first-order Her-
mite interpolation polynomials given by

a8)/a8

= -(2x3 -
(17)

Similar expressions for the circumferential direction are ob-
tained by replacing x by y/ and a by &/ where the subscript /
indicates that distances are measured along the appropriate
reference surfaces. The nodal coefficients ufij, ufxij, u/yij,
Ufxyij are directly related to the displacement and derivatives
of the displacement at the nodal points. For example, Uf%j =
uf(x = Xi,yf- = y / j ^ R f O j ) , and w/ t f tv = &u,f/&yf(x = xifyf =

Expressions similar to Eq. (16) are used for the remaining
displacement variables (vfj = 1,2, and w). The bicubic
interpolation polynomials used in the formulation of these
sandwich elements were selected for the following reasons.
1) They readily permit satisfaction of the geometric admis-
sibility conditions for both sandwich or thin plate and cylin-
drical shell systems. 2) They give an accurate representation
of the elemental strain energy for both rigid body and defor-
mation inducing displacements. 3) They provide the capa-
bility of imposing strain continuity of the reference surfaces.
(For typical sandwich systems where the bending stiffnesses
of the faces are small, imposing strain continuity results in
accurate stress predictions that are especially important in
predicting the postbuckling behavior of a structural system.)
4) They provide the capability to model structures using ele-
ments joined at arbitrary angles.

Substituting the assumed displacement patterns into the
strain energy expressions for the two faces and the core [Eqs.
(6-8, and 13) ] and performing the indicated integrations over
the appropriate reference surfaces yields the total discretized

strain energy for the sandwich plate or cylindrical shell ele-
ment expressed compactly as

u = ue uf = ~ X
(18)

The vector X contains the eighty undetermined nodal coeffi-
cients of the element (16 associated with each of HI, u^ v\, v%,
w). The vector X can be partitioned as

XT =
(1 X 80)

(19)

where, for example

(I X 16)
(20)

Similar definitions are made for t/2j Fi, F2, and W. The
vector Y contains the 136 possible quadratic combinations
of the 16 degrees of freedom associated with w. The usual
stiffness matrix associated with quadratic portion of the strain
energy, K^ can be partitioned as

(80 X 80)

0

(symmetric)
— —

(21)

All the submatrices in Ki are 16 X 16 arrays; those on the
diagonal are symmetric and contain contributions that do not
involve coupling between the various displacement com-
ponents. Generally the off-diagonal arrays are not symmetric
and account for the coupling terms in the quadratic portion
of the strain energy; the superscripts indicate which displace-
ments are coupled. Explicit formulas for the elements of the
submatrices in K2 are given in Ref. 7. The matrix K% in Eq.
(18) is associated with the cubic terms in the strain energy and
contains terms which couple uf, v/, (/ = 1,2) and w, Kz can
be partitioned as

(80 X 136) (22)

Each of the submatrices in K^ is a 16 X 136 rectangular array
and the superscripts denote coupling between the indicated
displacement variables. It is noted that in the absence of
face coupling stiffnesses (i.e., if B f i j = 0) Kz

(ww) = 0 for flat
sandwich and thin plate elements. The matrix K±

(136 X 136)
is associated with the fourth-order strain energy terms which
contain contributions involving only the transverse displace-
ment variable.

The discretized work term can be written as

W = (23)

where P is a vector containing the 80 work equivalent loads
associated with the 80 nodal degrees of freedom residing in
the displacement vector X.

The potential energy of the fcth element can be represented
by

^a) = jjw _ w(k) (24)

where U(k} and W(k) are given as Eqs. (18) and (23). The
total potential energy of an assemblage of N elements can be
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4 ELEMENTS —»-
16 ELEMENTS—^

REF 10 ———

written as

10 20 30 40 50 60
LOAD FACTOR Q * 12 A3 (hv2)q /Etf tj

Fig. 4 Clamped sandwich plate.

n, =

Implementation and Numerical Examples

The potential energy for an assemblage of elements repre-
senting a structural system must be expressed in terms of a
set of independent degrees of freedom by satisfying the geo-
metric admissibility conditions prior to seeking an approxi-
mate solution. Additional conditions, such as requiring the
membrane strains of the faces to be continuous across ad-
jacent edges of sandwich elements, can also be accommodated
by the appropriate linking of degrees of freedom. The
mechanics of satisfying the necessary and additional condi-
tions for thin shell systems has been thoroughly dealt with in
Refs. 3 and 4. Since the procedure is basically the same for
the elements considered herein, the reader is referred to Refs.
3 and 4 for the details which lead to the desired set of inde-
pendent degrees of freedom.

In this work, displacement solutions for structural systems
which include the effects of geometrically nonlinear behavior
are obtained by a direct search for the local minimum of the
total potential energy (note that this statement recognizes
the possible existence of relative minima in nonlinear prob-
lems and points out the fact that only stable solutions can be
found by minimization of the total potential energy). For
problems involving many independent degrees of freedom,

450,—
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1

o
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250

200

Fig. 5 Com-
pressed sandwich

plate.

I--4-
I I

such as those often encountered in discrete element formula-
tions, the conjugate gradient method of Ref. 8 is appealing
since it requires a minimum of matrix manipulations and com-
puter storage. Although the method has been plagued by
convergence difficulties, incorporation of the special scaling
transformation proposed in Ref. 9 has dramatically improved
the convergence characteristics of the method. For the prob-
lems dealt within this study, the scaled conjugate gradient
algorithm was adopted and found to be effective.

Several numerical examples have been worked out in order
to illustrate the potential of the discrete element capability
reported for the prediction of finite displacements and post-
buckling behavior of unbalanced laminated and sandwich
systems. It is important to note that all the numerical ex-
amples presented have the following common characteristics.
1) The geometric admissibility conditions are satisfied ab
initio by appropriately linking and/or cancelling degrees of
freedom. 2) The reference surface strains of the faces are
made continuous by linking certain degrees of freedom be-
tween elements. 3) The reference surfaces of the skins are
taken to coincide with the skin middle surfaces. Corre-
spondingly the face stiffnesses presented are based on calcula-
tions which take df — \tf (/ = 1, 2).

Clamped Sandwich Plate under Uniform Pressure
(Fig. 4)

A 50-in. X 50-in. sandwich plate consists of two identical
aluminum facings (E = 10.5 X 106 psi, v — 0.3) which are
0.015 in. thick and an aluminum honeycomb core (Gcxz =
GCyz = 50,000 psi) which is 1 in. thick. The corresponding
stiffnesses for the faces (/ = 1,2) are

A/n = A/22 = 1.7308 X 105 Ib/in.; Afl2 = 0.5192 X 105lb/in.

A/ie = A/26 = 0; A/66 = 0.6058 X 105 Ib/in.

Bfij = 0, (i,j = 1,2,6)

Dfu = Z)/22 = 3.245 in.-lb; Dfn = 0.9736 in.-lb

£>/ie = £>/26 = 0; D/66 = 1.1358 in.-lb

For the core,
£44 = £55 = 5.0 X 104 Ib/in.

O.Z 0.4 06
CENTER DEFLECTION WQ (INCHES)

The boundaries of the square sandwich plate are fully clamped
so that the imposed displacement boundary conditions are

ui = u% = Vi = vz = w = wx = 0; x = ±A

HI = u2 = Vi = t;2 = w = wy = 0; y = ±A
The system is subjected to a uniform transverse load of q psi.
Because of the loading and boundary conditions the behavior is
such that ui = —u^ and v\ = —v%. Also the behavior is sym-
metric about the lines x = 0 and y = 0 so that only one
quadrant of the system is modeled. The sandwich plate was
discretized using 4 and 16 elements (41 and 177 degrees of
freedom, respectively) and the displacement response was ob-
tained for various values of the pressure load. A curve of
center deflection (w0) vs load parameter Q = [12A3(1 —
v*)/tfEftc

2]q is plotted in Fig. 4 and comparison is made with
the results obtained in Ref. 10. Inspection of Fig. 4 reveals
that the nonlinear discrete element solutions are somewhat
more flexible than those reported in Ref. 10. The solutions
of Ref. 10 were obtained by a method of successive approxi-
mations which assumes that the magnitude of the center
deflection w0 is of the same order as the core thickness; solu-
tions are then approximated in terms of a perturbation
parameter W0 = w0/tc < 1. It is emphasized that the solu-
tions presented in Ref. 10 are limited by a two-term expansion
of the dimensionless loading as a function of W0; the resulting
expression for the square sandwich plate was recorded as

Q = 11.4074( /̂0 + 5.2596 (w0/tcY
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It is reasonable to expect that the accuracy of the preceding
solution is limited and that more terms would be required,
especially when (w0/tc) increases much beyond unity.

On the other hand, the 4 and 16 element discrete element
solutions for w0 are in very close agreement, indicating that
the transverse displacement results can be obtained with rela-
tively coarse modeling. The linear solutions for the 4 and 16
element modelings also agree very closely (e.g., w0 = 1.71 in.
for 16 elements and w0 = 1.70 in. for 4 elements at Q = 20).
These are plotted as one solid line in Fig. 4, and compared
with the linear successive approximation solution (w0 = 1.75
in. at Q = 20).

Compressed Sandwich Plate (Fig. 5)

Consider a square 23.5-in. X 23.5-in. simply supported
sandwich plate with identical isotropic facings (ti = £2 =
0.021 in.; E = 9.5 X 106 psi, v = 0.3) and a 0.181-in. thick
core (Gcxz = Geyz = 1.9 X 104 psi). The membrane and
bending stiffnesses of the faces are (/ = 1,2)

A/u = A/22 = 2.1923 X 105lb/in.; Am = 0.6577 X 105lb/in.

AA6 = A/26 = 0; A/66 = 0.7673 X 106 Ib/in.

Bfv = 0, (i,j = 1,2,6)

Dfu = D/22 = 8.0567 in.-lb; Dfl2 = 2.4170 in.-lb

D/ie = £>/26 = 0; D/66 = 2.8200 in.-lb
and the transverse shear stiffnesses of the core are -644 = B^
= 3.439 X 103 Ib/in. Assuming a symmetrical buckling
pattern one quadrant of the plate was modeled using 4 non-
linear sandwich plate elements. In accordance with general
practice it was assumed that transverse shear strains are pre-
vented along the core boundaries. The imposed displace-
ment boundary conditions are represented by

w = 0, Vi = v% at x = ± A

w = 0; ui = u% at y = ±A

The plate was subjected to inplane loads Nix = N2x = ^Nx
Ib/in. along the edges x = ±A. Linking appropriate de-
grees of freedom to insure geometric admissibility and requir-
ing membrane strain continuity, the problem is reduced to
the minimization of a function of 106 variables.

The load Nx vs center deflection w0 is plotted in Fig. 5.
The critical load predicted by the minimization of the total
discretized potential energy is obtained from the intersection
of the load-deflection curve with the load axis. The buckling
load is found to be NCR = 307.5 Ib/in. as compared to a value
of 308 Ib/in. reported in Ref. 11.

The plot of Fig. 5 indicates that the plate remains flat until
the critical load is attained. With an increase in load into
the postbuckled region, the center deflection increases but
the system becomes stiffer. It is noted that the solutions
were obtained by first applying a transverse load to the system
and obtaining the solution corresponding to this loading.
This perturbed solution was then used as a starting point in
the search for the minimum of the potential energy under the
load Nx = 440 Ib/in.; this energy search produced the post-
buckled displacement state for Nx = 440 Ib/in. and subse-
quent points on the load deflection curve were obtained by
decreasing Nx until only linear flat solutions could be ob-
tained.

Compressed Orthotropic Composite Thin Plate
(Fig. 6)

A thin (0.055-in.) plate is constructed by bonding four
orthotropic graphite fiber reinforced plies (0°, 90°, 90°, 0°)
such that the laminated plate has a balanced configuration.
The plate is equivalent to an orthotropic plate with the fol-
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Fig. 6 Compressed orthotropic plate.

lowing membrane and bending stiffnesses:

Au = 3.118 X 105 Ib/in.; A12 = 1.768 X 104 Ib/in.

A22 - 3.118 X 105 Ib/in.; Aw = A26 = 0

A66 - 2.730 X 104 Ib/in.

DU = 127.0 in.-lb; Dn = 4.45 in.-lb

Z)22 = 30.2 in.-lb; L>i6 = A>6 = 0; £>66 = 6.88 in.-lb

Ba = 0 (i,j = 1,2,6)
The 10-in. X 10-in. plate is simply supported on all four sides
and is subjected to compressive load, Nx Ib/in. along the
edges x — ±5.0 in. Taking symmetry into account one
quadrant of the plate was modeled using four 2.5-in. X 2.5-in.
nonlinear elements (only the lower face of the sandwich plate
element was considered). A curve of the center deflection
w0 vs the applied load Nx was plotted in Fig. 6, A load de-
flection curve for the plate was obtained from experimental
studies in Ref. 12 (plate 201), and this experimental plot is
also shown in Fig. 6. Comparison of the two curves indicates
the postbuckling behavior predicted by the nonlinear discrete
element method is in excellent agreement with the test results.
The slight discrepancy between the two curves can be at-
tributed to the usual discretization and experimental errors
as well as to initial imperfections in the test panel; the ex-
perimental curve is typical of load-deflection curves for struc-
tures with initial imperfections exhibiting a stable-symmetric
postbuckling behavior^3

The buckling load predicted by the present method is NCR
= 19.2 Ib/in. The "exact" results according to classical
orthotropic plate theory is NCR = 19.1 Ib/in. (Ref. 14)
whereas a Southwell plot of the experimental results of Ref.
12 indicates a buckling load of NCR = 21.7 Ib/in.

Compressed Thin Unbalanced Composite Plate
(Fig. 7)

A thin (0.109-in.) unbalanced composite plate is con-
sidered. The plate is constructed from 20 orthotropic boron
reinforced plies; the fibers in the lower 10 plies make an angle



1460 L. A. SCHMIT AND G. R. MONFORTON AIAA JOURNAL

700r—

600 —

500 —

400 —

200<

100

n

, _ «' h-
0)

CD
CJ

-»>

I

1 1 1
- - - t -—— h --h ——

1 1 1
—— +-H —— H —

1 1 1
— -H-+--1 ——

1 i 1

2A = ll"

1 I

•—
0—

*—

1
00 O.I 0.2 0.3 0.4

CENTER DEFLECTION WQ (INCHES)

Fig. 7 Compressed unbalanced plate.

of +45° with the x axis of the plate while the fibers in the
upper 10 plies make an angle of —45° with x axis of the plate
system. The stiffnesses of the composite plate arej

An = A22 = 1.021 X 106lb/in.; A12 = 0.850 X 106 Ib/in.

A16 = A26 = 0; A66 = 0.862 X 106 Ib/in.

Bu = £12 = #22 = #66 = 0; BIG = £26 = 1.99 X 104 Ib-in/in.
Dn = #22 = 1.011 X 103 in.-lb; Z>12 = 0.842 X 103 in.-lb

DIG = 026 = 0; £>66 = 0.854 X 103 in.-lb

The 11-in. X 9.75-in. plate is simply supported on all four
sides and is subjected to a compfessive load Nx Ib/in. along
the edge x = ±A. Since the coupling terms Bw and B2& are
active, symmetry is absent and the plate was modeled using
16 nonlinear face elements, each 2.75 in. X 2.4375 in. Using
the same procedure as in the previous problem, a curve of
center deflection vs applied load was plotted and is shown in
Fig. 7.

The buckling load predicted is NCR = 368 Ib/in. The
average value of two tests reported in Ref. 12 give the experi-
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Fig. 8 Sandwich panel (load vs end shortening).

mental buckling load to be 370.5 Ib/in. Neglecting the
coupling stiffnesses, classical orthotropic plate theory predicts
a buckling load of 745 Ib/in., more than double the experi-
mental values. From the results it is clear that the effects of
the coupling stiffnesses cannot be neglected and that the dis-
crete element method reported should be a valuable analysis
tool for composite-type structures.

Compressed Sandwich Cylindrical Shell Panel

A sandwich cylindrical shell panel of radius Rc = 100 in. is
subjected to end-shortening in the longitudinal direction.
The geometric and elastic properties of the faces and core are
the same as those for the compressed sandwich plate discussed
previously (Fig. 5), but the boundary conditions are sig-
nificantly different. All the edges of the panel are supported
to prevent radial displacement and they are assumed to re-
main straight. The longitudinal edges are prevented from
displacing in the circumferential direction by constraining the
panel between "walls." The imposed boundary conditions
are:§

u>f(—A,y) = 6f, uf(+A,y) = -5f

vf(±A,y) = vf(x,±B) = O,/ = 1,2

w(±A,y) = w(x,±B) = 0
A uniform shortening of the circumferential boundaries is im-
posed on both faces of the sandwich (i.e., 81 = 5% = d) by
"rigid blocks." The equivalent uniform load required to
maintain the displacement pattern induced by the imposed
end-shortening is calculated from the following expression :

N =

Assuming doubly symmetric behavior, the panel was modeled
using four nonlinear sandwich cylindrical shell elements.
Satisfying geometric admissibility, requiring membrane strain
continuity in the faces, and taking the imposed displacement
boundary condition into account reduces the problem to the
minimization of a function of 88 variables.

A plot of the equivalent uniform end load N vs end-shorten-
ing d is given in Fig. 8. In Fig. 9 the transverse deflections of
selected points on the panel are plotted versus load level N.
In Fig. 10, three distinct transverse displacement patterns (a,
b, and c) that correspond to different stages in the end shorten-
ing process (see points a, b, and c in Fig. 8) are exhibited. It

-0.8 -0.6 -0.4 -0.2 0 0.2
TRANSVERSE DISPLACEMENT (INCHES)

0.4

Fig. 9 Compressed sandwich panel.

t For details concerning fiber content, method of calculating
stiffnesses etc., see Ref. 12, plate 409a.

§ In order to facilitate the discussion of the boundary condi-
tions, the thickness of the core is temporarily neglected (i.e., it is
assumed that Rf — Ri = 100 in.); however, the numerical results
presented do account for the core thickness.
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Fig. 1.0 Displacement configurations for sandwich panel.

should be emphasized that the results for this example are
based on the assumption of doubly symmetric behavior.

Conclusions

The discrete element method has been applied to the finite
deflection analysis of sandwich plates and cylindrical shells
with unbalanced laminated faces. The geometric nonlinear-
ity was incorporated in the analysis by using a set of finite-
displacement, strain-displacement equations. The particular
set of strain-displacement equations used limits the method
to cases where the rotations of the deformed geometry relative
to the undeformed geometry are small (i.e., sinfl ^ 0, cos0 &
1). The formulation presented was restricted to linear elastic
material behavior; however, the approach can be extended
to any material behavior law that can be represented by a
strain energy density-type of potential function. Although
the method was applied to sandwich and laminated structures
which can be adequately modeled using rectangular elements,
the method can be extended to parallelogramic element using
skew coordinates.15

The displacement behavior was described in terms of the
membrane displacements of the individual faces and the trans-
verse displacement of the sandwich system. In this way
transverse shear deformation in the core are accounted for
and a rather wide choice of boundary conditions is made
available. The analysis of thin anisotropic and transversely
heterogeneous laminated plates and cylindrical shells can be
dealt with as a specialization by considering only one face of
the sandwich. It should also be noted that by representing
the potential energy in terms of the various stiffnesses of the
faces and core, the method is not bound to any one of the
several micromechanics theories available for laminated
structures.

The displacement variables were approximated using bi-
cubic Her mite interpolation polynomials and undetermined

nodal coefficients. This type of approximation makes it pos-
sible to readily satisfy the geometric admissibility conditions
and therefore guarantees conforming solutions. Also, the
reference surface strains on the faces can be made continuous
between elements so that accurate stress predictions should
result for typical thin face sandwich systems. The method
also lends itself to structural idealizations involving elements
joined at arbitrary angles.

The numerical examples given are intended to illustrate the
potential of the method presented for the finite deflection and
postbuckling analysis of sandwich and laminated structures.
Solutions were obtained by searching for the local minimum
of the discretized total potential energy. A conjugate gradi-
ent algorithm, which incorporates a variable scaling transfor-
mation, was used to carry out the minimization, and it was
found to be effective. Typical solution times for a single
point on the load versus end shortening curve in Fig. 8 was
less than one minute on the Univac 1108 computer using the
Fortran IV program. It is noted that the method does not
have to be used in an incremental mode; however the de-
termination of a series of points for a load-displacement type
curve, such as that shown in Fig. 8, is most efficiently ob-
tained by incrementation.
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